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1. INTRODUCTION 
Many characterization of finite groups have been in terms of the 
centralizers of elements of order 3, from [S], in which all finite groups with a 
self-centralizing cycle of order three were classified, through to [6], in which 
all finite simple groups in which the centralizer of each element of order 
three has odd order were classified. More recently, in 1121, Stewart has 
classified all finite groups satisfying the following three conditions: 
(a) The centralizer of each element of order three has cyclic Sylow 2- 
subgroup. 
(b) The centralizer of some involution has a non-cyclic Sylow 3- 
subgroup. 
(c) All 2-locals are %-constrained. 
The author has generalized this result to include the possibility that the 
group in question can include subgroups of the form: 
Z, x D,m, Z2 x Q,m, Z,XSDzm 
(see [ 151). In this classification, the following result is very useful: 
THEOREM A. Let G be a finite group satisfying the following four 
hypotheses : 
(a) The centralizer of each element of order 3 has Sylow 2-subgroup 
isomorphic to one of : Z,m, D, m (m > 2), Q,m (m > 3), SD,m (m > 4). 
(b) The centralizer of some involution has a non-cyclic Sylow 3- 
subgroup. 
(c) The socle of G is a 2-group. 
(d) G is 2-constrained. 
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Then one of the following three possibilities occurs: 
(a) O,(G) is extra-special of width 2 and type (+), with G/O,(G) 
isomorphic to a subgroup of O:(2). 
(b) O,(G) is extra-special of width 3 and type (-), and G/O,(G) is 
either a faithful extension of E, by a subgroup of GL(2,3), or else is a 
faithful extension of a non-abelian group of order 21 by a 2-group. 
(c) O,(G) is extra-special of width 4 and type (+), and G/O,(G) is 
either a faithful extension of E, by a subgroup of GL(2,3), or else is a 
faithful extension of a non-abelian group of order 27 and exponent 9 by a 2- 
group. 
This is the main result of this paper. 
The notation used in this paper is fairly standard; the reader is referred to 
(3,4,7]. We shall let Z, , E,, D,, Q, , and SD,, denote the cyclic, elementary 
abelian, dihedral, generalized quaternion and semi-dihedral groups of order 
n, respectively (we take the term “dihedral” to include the group E,, and the 
term “generalized quaternion” to include the quaternion group Qs of order 
8). For any finite group G, the socle of G is defined to be the direct product 
of all the minimal normal subgroups of G, and is denoted by sot(G). We 
denote the central product of A and B by A * B, the group of outer 
automorphisms of A by Out(A), the 2-rank of A by m(A), and the sectional 
2-rank of A by r(A). 
Finally, there are two extraspecial groups of order 22r+’ : the central 
product of r groups isomorphic to D,, and the central product of (r - 1) 
groups isomorphic to D, together with one isomorphic to Q,; these are said 
to be the extra-special 2-groups of width r and types (+) and (-), respec- 
tively. We shall sometimes denote them by (D,)’ and (Ds)‘-’ Q,. The 
corresponding groups of outer automorphisms, which are orthogonal groups, 
we denote by O:,(2) and O,(2). 
2. PRELIMINARY RESULTS 
First, we shall list some properties of various groups. The proofs of these 
results are not difficult, and are left to the reader: 
(2.1) A Sylow 7-normalizer in L,(4) is non-abelian of order 21. 
(2.2) The centralizer of an element of order 5 in O;(2) is cyclic of order 
10. 
(2.3) If e is an element of order 5 in O:(2) which, when acting on an 
extra-special 2-group S of width 4 and type (+), has non-trivial centralizer in 
S/Z(S), then the centralizer of e in O:(2) is isomorphic to Z, x S,. 
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(2.4) If S is an extra-special 2-group of width 4 and type (+), and B is 
an automorphism of S of order 7, then C,(0) is isomorphic to D,. 
(2.5) The centralizer of an element of order 7 in 0: (2) is cyclic of order 
14. 
For convenience, we stat: the following result; again, we leave the proof to 
the reader : 
(2.6) Suppose that G = ND, where N is a normal elementary abelian 2- 
subgroup of G, and D is isomorphic to E,. Suppose further that C,(d) is 
cyclic for each d in D”. Then N is cyclic, and G = N x D. 
Next, we list the Brauer characters of a full set of absolutely irreducible 2- 
modular representations of A 6 : 
Element 1 d, d, e e2 
Order 1 3 3 5 5 
I 1 1 1 1 1 
WI 4 1 -2 -1 -1 
wz 4 -2 1 -1 -1 
91 8 -1 -1 -p -y 
v2 8 -1 -1 -)’ -p 
where/?=a+a4, y=a2fa3, anda=e 2ni’5 If A, is represented on a vector .
space V of dimension 4 over GF(2) with Brauer character w, or w2, then the 
15 non-zero vectors are permuted transitively. 
3. FIRST REDUCTIONS 
In this section, we start on the proof of Theorem A. For the rest of this 
paper, let G denote a minimal counterexample to Theorem A. Set N = O,(G), 
and let S be a maximal normal elementary abelian 2-subgroup of G 
containing sot(G). Let D be an elementary abelian subgroup of G of order 9 
such that jC,(D)( is even. 
LEMMA 3.1. [S, D] = 1. 
Proof. Suppose that [S, D] # 1, and set C = C,(D), P = [S, D]. If C # 1, 
then P = 1 by (2.6); so C = 1. If 1 C.,(d)1 = 2 for d in D#, then C,(d) is 
contained in C; so each C,(d) has order 1 or 4. 
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Let d, E D’ with (C,(d,)( = 4. Since C,(d,) is normal in C&i), and since 
C,(d,) admits D/(d,), we have that C,(d,) = C,(d,). In particular. 
C,(D) = 1. 
Let e be a non-trivial 2-element in C,(D), and let d, E D - (d,). Since d, 
acts non-trivially on C,,,(d,), e must centralize C,(d,). But then d, centralizes 
(C,(d,), e), a non-cyclic abelian 2-group of order at least 8, a contradiction. 
LEMMA 3.2. S is cyclic. 
Proof. By Lemma 3.1, m(,S) < 2. If m(S) = 2, then S is a normal 
elementary abelian subgroup of C,(d) of order 4 for each d in D”, and, as 
above, we see that S = C,(d) for each d in D#. So D centralizes N, 
contradicting 2-constraint. 
LEMMA 3.3. N is extraspecial. 
Proof By Lemma 3.2, N has no non-cyclic characteristic abelian 
subgroups, and thus is of the form E * R as in Theorem (5.4.9) of [lo]. If R 
is cyclic, then R = Z(N) is centralized by D; if d E D# centralizes e E N - R, 
then d centralizes (R, e), an abelian group of order at least 8, a 
contradiction. If R is isomorphic to D,m, Qzm or SD, m (m > 4), then D 
acts on Q(N), and hence on C,(@(N)), which is isomorphic to E * Z,m - 1. 
The above argument now yields a contradiction. So R = 1, and hence N is 
extra-special. 
Note. For the remainder of this paper, let V denote N/S (regarded both 
as a vector space and a 2-group), and let G denote G/N. 
LEMMA 3.4. N has width at most 4. 
Proof. This follows from the fact that N = (C,(d) ( d E 0”). 
LEMMA 3.5. N has either width 3 and type (-), or else width 4 and type 
(+>a 
Proof: D,, Q8, and D, * Q, do not admit E,, while Qs * Q, does not 
give rise to a counterexample to Theorem A. O,‘(2) has Sylow 3-subgroups 
of order 9, and one class of elements of order 3 do not act suitably, so that N 
is not isomorphic to (D8)3. So, by Lemma 3.4, we may assume that N is 
isomorphic to (QtJ3 D,. Here, we must have that C,(D) = 1. But a Sy10w 3- 
subgroup of O;(2) has the same order as a Sylow 3-subgroup of O;(2), and 
hence centralizes a subgroup of N isomorphic to D,, a contradiction. 
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4. ELIMINATION OF THE CASE N ISOMORPHIC TO (Q,)’ 
Throughout this section, assume that N has width 3 and type (-). 
LEMMA 4.1. A Sylow 3-subgroup of G is elementary abelian of order 9, 
or else is not elementary abelian and has order 21. 
Proof. Set C = C,(D), W = [ V, D]; if C # 1, then D centralizes W by 
(2.6), so that C= 1, and so: 
v = GM) x C,(4) x C,(d, 4) x Cd4 d; ‘h 
where D = (d,, d2). Each C,(d) is isomorphic to Z, or Q8 for d in 0”. Since 
m(V) = 6, we will assume that C,(d,d;‘) = 1, and that V, = C,(d,), 
V, = C,(d,), and I’, = C,(d, d2) each have rank 2. 
Suppose that D is not a Sylow 3-subgroup of G. Then D is contained in a 
subgroup T of order 21. Since O;(2) has Sylow 3-subgroups of order 34 and 
contains elements of order 3 whose centralizer in N would be isomorphic to 
Q, * Q,, T is a Sylow 3subgroup of G. 
It remains to show that T is not elementary abelian. Suppose it is, and let 
d, E T - D. Then’ d, acts on each of the Vi. Replacing d, by d,di, we may 
assume that d3 centralizes Vi. Then, replacing d, by d, d’; , we may assume 
that d, centralizes VZ also, so that r(C,(d,)) > 4, a contradiction. 
LEMMA 4.2. ii is self-centralizing in c. 
Proof: If f centralizes D, then f acts as an element of order 1 or 3 on -- 
each of the Vi. If 7 does not lie in D, then (f, D) is isomorphic to Ez7, a 
contradiction. 
COROLLARY 4.3. If a Sylow 3-subgroup T of G has order 27, then T is 
non-abelian. 
LEMMA 4.4. A minimal normal subgroup of c is non-solvable. 
Proof: Suppose that ii? is a minimal normal subgroup of G which is 
solvable. Since ti is contained in O;(2), ]n] = 3, 5, or 9 by Lemma 4.1. 
Suppose @ is isomorphic to Z, By (2.2), G is a (2, 3 l-group. Let 
fig FE Syl,(G); then Z(o< O,(G). If T= D, Theorem A follows, so 
assume ] T] = 27, and so ]Z(T)] = 3. If O,(e) = T, Theorem A follows, and 
Z(?$) < O,(c), so that ]OJ(@] = 9. If O,(G) is cyclic, then a Sylow 3- 
subgroup of c is cyclic, so that we may assume that O,(G) = 6; Theorem A 
follows. 
So I%? is isomorphic to E, or Z,. In the first case, we may assume that 
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d= M, and Theorem A follows. In the second case, (2.2) yields a con- 
tradiction. 
We can now eliminate the possibility that N is isomorphic to (Q&j. 
Lemma 4.4 and [2] give that a minimal normal subgroup of I? is isomorphic 
to Al or A,. In the first case, a Sylow 3-subgroup of G would have order 3; 
so G has a minimal normal subgroup i@ isomorphic to A 6. 
Let W be a minimal M-invariant subspace of I’. Referring to (2.7), the 
Brauer character of this representation must be w1 or wZ, and so the 15 non- 
zero vectors are permuted transitively. Let P be the full preimage of W in N. 
Then P must be isomorphic to E,,. But now some element d of b centralizes 
a subgroup of N isomorphic to E,, a contradiction. 
5. THE STRUCTURE OF G/O,(G) 
For the rest of this paper, we will assume that N is of width 4 and type 
(+I* 
LEMMA 5.1. A Sylow 3-subgroup of G is either elementary abelian of 
order 9, or else is of order 21 and exponent 9. a 
Proof. Here we have that 
v = C,(4) x C,(4) x CM, 4) x GW;‘)~ 
where D = (d,, d2). Each C,(d) is isomorphic to Q,, and each C,(d) has 
rank 2, for d in D”. Set V, = C,(d,), V2 = C,(d,), Vs = C,(d,d,) and V, = 
W4 4 ‘1. 
Suppose that D is not a Sylow 3-subgroup of G. Let D < T E Syl,(G). 
Elements of N,(D) - D permute the Vi. Suppose that d, E N,(D) - D 
normalizes each Vi. Replacing d, by d,di, we may assume that d, 
centralizes V, . Then, replacing d, by djd{, we may assume that d, 
centralizes Y, also, so that r(C,(d,)) > 4, a contradiction. So elements of 
N,(D) -D permute the Vi non-trivially, and so [N,(D): D] = 3. 
Let d, E N,(D) - D, and suppose that d, normalizes V, and permutes V,, 
V,, and V, in a cycle of length 3. Again, we may assume that d3 centralizes 
I’, . If d, has order 3, then d, centralizes the diagonal subgroup of 
V, x V, x V,, and so r(C,(d,)) > 4; so d, has order 9. Hence N,(D) has 
order 27 and exponent 9. Since D is characteristic in N,(D), T= N,(D) as 
required. 
LEMMA 5.2. fi is self-centralizing in e. 
Proof. As for Lemma 4.2. 
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COROLLARY 5.3. If a Sylow 3-subgroup T of G has order 21, then T is 
non-abelian. 
LEMMA 5.4. The Sylow 2-subgroup of the centralizer of an element oj 
order 3 in G has order 1 or 2. 
ProoJ: Let d be an element of order 3 in G. By Lemma 5.1, we may 
assume that d lies in D and that C,(d) is isomorphic to Q8. If 
PE Syl,(C,(d)), then C,,,(d) is normal in P, and hence [P: C,(d)] < 2. 
LEMMA 5.5. The centralizer of an element of order 3 in G is a (2, 3). 
group. 
Proof: Let d be an element of order 3 in G; as above, we may assume 
that d lies in D. Since /0:(2)1= 213 3’ 5* 7, we need only show that d 
does not commute with an element of order 5 by (2.5). Set A = Cc(d). A is 
solvable by Lemma 5.4, so that C,(F(A)) Q F(A). 
If 5 does not divide IF(A then F(A) = O,(A) X O,(A), where neither 
O,(A) nor O,(A) admits an automorphism of order 5; so 5 does divide 
IVI. 
Suppose I O,(A)1 = 5. Neither O,(A) nor O,(A) admits an automorphism of 
order 3, and O,(A) does not contain a subgroup isomorphic to E, by 
Lemma 5.2. So O,(A) is cyclic of order 9, and there is an element of order 3 
in A -F(A). 
Let d and g be elements of order 3 and 5 in O,(A) and O,(A), respec- 
tively. Then g must centralize C,(d), and hence does not commute with an 
element of order 9 in A by (2.3), a contradiction. 
So /O,(A)] = 25. Again, let d be an element of order 3 in O,(A). Then 
O,(A) must centralize C,(d), and also acts on W= [I’, a], which has 
dimension 6. A Sylow 5-subgroup of GL(6.2) has order 5, so some non- 
trivial element k centralizes W, and hence V, a contradiction. 
LEMMA 5.6. A minimal normal subgroup of G is non-solvable. 
Proof. Suppose that fi is a minimal normal subgroup of d which is 
solvable. Since @ is contained in O,‘(2), Ili;i/ = 3,9,5,25, or 7 by 
Lemma 5.1. If ti is isomorphic to Z, , then c is a { 2,3 }-group by 
Lemma 5.5, and we continue as in the proof of Lemma 4.4. If Ic;i is 
isomorphic to E,, we may assume that A = fi, and Theorem A follows. If a 
is isomorphic to Z,, E,, , or Z,, then # does not admit E,, contradicting 
Lemma 5.5. 
LEMMA 5.7. A Sylow l-normalizer in G has order 1, 7, 14, or 28. 
ProoJ Let g be an element of order 7 in G, and suppose that d is an 
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element of order 3 normalizing (g). Then, by (2.4), C,(g) is isomorphic to 
D, and is centralized by d. But C,V(d) must be isomorphic to Q,, a 
contradiction. So no 3-element normalizes (g), and the result follows from 
(2.5). 
6. COMPLETION OF THE PROOF 
We know that ] G] divides ] O,‘(2)] = 213 35 5* 7. Since O:(2) has a 
subgroup of index 2, [E(G)] divides 212 . 35 5* 7, and hence divides 
2 ‘* . 33 . 5* . 7 by Lemma 5.1. We wish to use the results of [8] to determine 
the structure of E(G). Noting that we may assume that E(G) is simple by 
Lemma 5.5, we need to eliminate the following possible order for E(G): 
2” 3* 5* 7 (n = 10, 11, 12), 2”. 33. 5*. 7 (8 <n < 12), 
2’* 3* 5 7, 2” 33 5 7 (n = 11, 12), 
2”.3.5*.7 (n=11,12), 2” 33 . 5* (6 < n < 12). 
Some of these are easy to eliminate; E(G) cannot have order 2’* 3* 5 7 
or 2” . 3 5* 7 by Lemma 5.7 and Sylow’s theorem; similarly, E(G) cannot 
have order 2” . 33 . 5* 7 (8 <n < 12). If E(G) has order 2” 33 5 . 7 
(n = 11, 12), then a Sylow 7-normalizer has order 7 or 14; the first 
contradicts Burnside’s transfer theorem, the second the main result of [ 11. 
Thus we are left with two cases. 
LEMMA 6.1. E(G) does not have order 2” . 33 5* (6 < n Q 12). 
Proof. By the results of [lo], E(G) must contain a 2-local iii; that is not 
2-constrained. If a contains an elementary abelian subgroup of order 9, then 
the full preimage of li? in G is a counterexample to Theorem A, contradicting 
the minimality of G; so a Sylow 3-subgroup of ff is cyclic. So (a] divides 
2’* 3* 5*, which is less than 106. From [8] and the fact that a Sylow 3- 
subgroup of a is cyclic, we see that the only component E in E(n;ilO(ti)) 
has E/Z(E) is isomorphic to A,. 
If O(a) contains an element of order 3 or 5, then M contains a subgroup 
isomorphic to Z, x Z, by the Frattini argument, contradicting Lemma 5.5. 
So O(a) = 1, and E*(G) = Or(@) * E(a), with E(&?)/Z(E(A?)) isomorphic 
to A, ; moreover, ] O,(li;i)] = 2 by Lemma 5.4. 
If a/O,@?) is isomorphic to S,, then an element of order 3 in #/O,(@) 
centralizes an involution in @/O,(@, and hence an element of order 3 in &? 
centralizes a subgroup of order 4, contradicting Lemma 5.4. So i@/O,(@) is 
isomorphic to A, Let O,(i@) = (Q, so that it? = C,,,(f), and let 
QE Syl,(&?), Q< P E Syl,(E(G)). If Z(E(a)) # 1, then Z(Q) = (0, and so 
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P= p, but then E(c) has Sylow 2-subgroup of order 8, a contradiction. So 
ti is isomorphic to 2, x A,, contradicting corollary 1 of [9]. 
LEMMA 6.2. E(G) does not have order 2” 3* 5’ 7 (n = 10, 11, 12). 
ProoJ The cases n = 10 and n = 12 are excluded by Lemma 5.7, Sylow’s 
theorem, Burnside’s transfer theorem, and [ 11; so we assume that II = 11. 
If a Sylow 3-subgroup of E(c) is cyclic, then there is an element of order 
3 in G-E(c), which normalizes a cycle of order 7 in E(G) by the Frattini 
argument, contradicting Lemma 5.7; so a Sylow 3-subgroup of E(c) is 
isomorphic to E,. We may assume that d < E(G). The normalizer N of D in 
E(G) is a faithful extension of E, by a 2-group, and hence has order 2 3* or 
2” 3* by Sylow; [ 111 eliminates the possibility that ]fl] = 2 3*. 
Let c be the centralizer of an element d of order 3 in G; as usual, assume 
d E D. The full preimage of c in G satisfies the hypotheses of Theorem A; 
from the minimality of G, we deduce that c is contained in fl. 
If 6, and 0, are Sylow 3-subgroups of E(G), both containing an element 
d of order 3, then Dl and &, are Sylow 3-subgroups of the centralizer of d 
and hence D, = b,. So distinct Sylow 3-subgroups of E(c) intersect 
trivially. Now D permutes the Sylow 3-subgroups of E(c) by conjugation, 
and, if dE b”, then d fixes only D. So the number of Sylow 3-subgroups of 
E(c) is of the form 9k + 1, a contradiction. 
From the above results and [8], we deduce that E(c) is isomorphic to one 
of: A,, 4, L,(7), L*(8), A,, U,(3), L,(4), A,, J,. 
If E(c) is isomorphic to A 5, then a Sylow 3-subgroup of G has order 3, a 
contradiction. If E(c) is isomorphic to L,(7), U,(3) or L,(4), then a Sylow 
7normalizer in E(c) contains an element of order 3, contradicting 
Lemma 5.7. If E(c) is isomorphic to A,, A,, or Jz, we have a contradiction 
by Lemma 5.4. 
Suppose that E(e) is isomorphic to L,(8). Since a Sylow 3subgroup of 
L,(8) is cyclic, there is an element of order 3 in G--E(c); we now have a 
contradiction by Lemm 5.7 and the Frattini argument. 
If E(G) is isomorphic to A 6, we argue as at the end of Section 4. The 
character of the representation of E(e) on an irreducible subspace W of V 
must be w, or w2, since r,rl and vz are not realizable over the field of two 
elements. As before, we deduce that some element of-order 3 in E(G) 
centralizes a subgroup of N isomorphic to E,, a contradiction. 
This completes the proof of Theorem A. 
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